In this paper we prove some blow-up criteria for two 3D density-dependent nematic liquid crystal models in a bounded domain. MSC: 35Q30; 76D03; 76D09
Introduction
Let ⊆ R  be a bounded domain with smooth boundary ∂ , and let ν be the unit outward normal vector on ∂ . We consider the regularity criterion to the density-dependent incompressible nematic liquid crystal model as follows where ρ denotes the density, u the velocity, π the pressure, and d represents the macroscopic molecular orientations, respectively. The symbol ∇d ∇d denotes a matrix whose (i, j)th entry is ∂ i d ∂ j d, and it is easy to find that ∇d ∇d = ∇d T ∇d.
When d is a given constant vector, then (.)-(.) represent the well-known densitydependent Navier-Stokes system, which has received many studies; see [-] and references therein.
When ρ = , Guillén-González et al. [] proved the blow-up criterion and  < T < ∞. It is easy to prove that the problem (.)-(.) has a unique local-in-time strong solution [, ], and thus we omit the details here. The aim of this paper is to consider the regularity criterion; we will prove the following theorem.
We also assume that the following compatibility condition holds true: 
with |d| ≡  in (, ∞) × . Li and Wang [] proved that the problem has a unique local strong solution. When := R  , Fan et al.
[] proved a regularity criterion. The aim of this paper is to study the regularity criterion of the problem in a bounded domain. We will prove the following theorem. 
and  < T < ∞, then the solution (ρ, u, d) can be extended beyond T > .
Proof of Theorem 1.1
We only need to establish a priori estimates. Below we shall use the notation = . http://www.boundaryvalueproblems.com/content/2013/1/176
First, thanks to the maximum principle, it follows from (.) and (.) that
Testing (.) by u and using (.) and (.), we see that
Summing up (.) and (.), we have the well-known energy inequality
Next, we prove the following estimate:
Without loss of generality, we assume that  ≤ d  L ∞ . Multiplying (.) by d, we get
. Then (.) follows from (.) by the maximum principle.
In the following calculations, we use the following Gauss-Green formula []:
and the following estimate [, ]:
with  < p < ∞. Taking ∇ to (.) i , we deduce that
Testing the above equation by
summing over i, we derive
Therefore,
Testing (.) by u t , using (.), (.), (.) and (.), we have
By the H  -regularity theory of the Stokes system, it follows from (.) that
Testing (.) by -d t , using (.) and (.), we obtain
On the other hand, by the H  -regularity theory of the elliptic equation, from (.), (.) and (.) we infer that
Combining (.) and (.), we have
(  .   ) http://www.boundaryvalueproblems.com/content/2013/1/176
Putting (.) into (.) and (.) and summing up, we arrive at
which leads to
It follows from (.), (.) and (.) that
Taking ∂ t to (.), testing by u t , using (.), (.) and (.), we have
Taking ∂ t to (.), testing by -d t , using (.), (.), (.) and (.), we arrive at
Combining (.) and (.), we have
It follows from (.), (.) and (.) that
It follows from (.), (.), (.) and (.) that
It follows from (.), (.) and (.) that
Applying ∇ to (.), testing by |∇ρ| q- ∇ρ ( ≤ q ≤ ) and using (.), we have
and therefore
This completes the proof.
Proof of Theorem 1.2
This section is devoted to the proof of Theorem .. We only need to establish a priori estimates. First, we still have (.) and (.). http://www.boundaryvalueproblems.com/content/2013/1/176
Next, we easily infer that
Testing (.) by -d -|∇d|  d and using (.) and (.), we find that
Summing up (.) and (.), we have the well-known energy inequality
similarly to (.), we deduce that
We still have (.) and (.).
Similarly to (.), testing (.) by -d t , using (.) and (.), we get
Similarly to (.), we have Similarly to (.), applying ∂ t to (.), testing by -d t and using (.), we have
Combining (.) and (.) and using the Gronwall inequality, we still obtain (.) and (.).
By similar calculations as those in (.)-(.), we still arrive at (.)-(.). This completes the proof.
